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2FIG. 1: A (chaotic) cavity is coupled to the outside via a small
opening. The cavity is lled with an amplifying medium. The
light emitted through the opening is detected.
treated [21, 22, 23].
There thus is a need for a theory that allows to com-
pute the photon statistics of the emitted light for \non-
trivial" lasers, in particular random lasers. In this pa-
per such a theory using Langevin operators is presented.
Langevin operators have been successfully used to de-
scribe the radiation properties of linear media from a mi-
croscopic model [20]. On a higher level, they were used
to describe random linear amplifying media [24] where
the Langevin operators included both uctuations of the
electromagnetic eld and sample-to-sample uctuations
of the properties of the random medium. None of these
theories included saturation eects of the medium so that
they break down when the lasing threshold is approached.
Furthermore, apart from saturation in general, since a
large number of modes can be above threshold simulta-
neously [25], mode-competition is important and cannot
be neglected.
This paper is organised as follows: In Sec. II the model
for the photon statistics inside the laser is described and
the model equations are derived. These are then solved in
Secs. III and IV. Sec. V adds the necessary modications
to go from the uctuations inside the laser to the uctua-
tions of the photocurrent emitted by the laser. Until this
point all results are valid for arbitrary lasers, provided
that the outcoupling is weak and the volume of the lasing
medium is much larger than the cube of the wavelength.
In Sec. VI we show how to apply the formalism devel-
oped in this paper to three examples and demonstrate
that it can indeed describe all relevant properties of las-
ing action. In Sec. VII the random laser is treated, its
photon statistics are computed, and in Sec. VIII used to
try to explain the experimental results given above. We
conclude in Sec. IX.
II. MODEL
We consider a optical cavity that is coupled to the out-
side by a small opening (see Fig. 1), where small means
with respect to the square of the wavelength. Since
the opening is small, there exist well-dened modes in
the cavity, each with a well-dened eigenfrequency !
i
,
i = 1; : : : ; N
p
, and a eigenmode prole 
i
(~r), and all
modes are non-overlapping [32]. (In the language of ran-
dom lasers, this would be a \resonant-feedback laser".)
Each mode i thus can be described by the number n
i
of
photons in it. Photons in mode i can escape through the
opening with rate g
i
.
The cavity is lled with an amplifying medium. The
medium is modelled by a four-level laser dye (see Fig. 2),
where the lasing transition is from the third to the second
level. The transition from the second level to the ground
level is assumed to be so fast that the second level is al-
ways empty. The density of excited atoms (i. e. atoms in
the third level) at point ~r in the cavity is N (~r). Excita-
tions are created by pumping with rate P (~r) and can be
lost non-radiatively with rate a(~r).
Coupling between the electromagnetic eld and the
medium depends on two quantities, namely the eigen-
mode prole 
i
(~r) of mode i, and the transition matrix
element w(!) of the atomic transition 3! 2. [Frequently
w(!) will be a Lorentzian centred around some frequency

.] The coupling of mode i to the medium at point ~r is









The semiclassical equations of motion for n
i
and N (~r)
















(~r)N (~r) ; (1a)
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\Semiclassical" means that all emission events, pumping
events, : : : are assumed to be deterministic, with spon-
taneous emission described by the addition of a virtual
photon to n
i
when computing the transition rates [33].
In order to include the randomness of all processes,
Langevin operators have to be added to Eq. (1). The four
random processes are the escape of photons (described by
the Langevin operator  
i
), pumping [described by (~r)],
relaxation of the medium [described by (~r)], and emis-
sion of a photon into mode i at point ~r [described by
	
i
(~r)]. All these operators have zero mean, and we as-
sume classical particles involved in classical processes,
so that the correlator for any of these four processes be-
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FIG. 2: Amplication is modelled by a four-level system,
where lasing action (marked by the wiggled line) is from the
third to the second level. Dashed lines mark transitions that
are much faster than the other ones and thus not need be



























































(~r)N (~r) : (2d)















































The sign of the Langevin operators may be chosen freely
as long as the term 	
i
(~r) has the opposite sign in the




Eq. (3) cannot be solved by direct numerical methods
since Langevin operators cannot be represented as \real"
numbers. The only practicable way to proceed is to lin-







N (~r) = N (~r) + ÆN (~r), where n
i
and N(~r) are the av-
erage solutions. We assume that these average solutions
are identical to the solutions of the deterministic rate
equation (1). This is equivalent to the approximation
hn
i
N (~r)i  hn
i
ihN (~r)i. For a single-mode cavity like
used in cavity-QED this is a bad approximation, leading
to errors of up to a factor 1=4 in the computed average
photon density, but if the number of modes in the cav-
ity is large | which is what we are interested in | this
factorisation is valid [26].
Inserting this solution, Eq. (3) can be reformulated
so that only Æn
i
and ÆN (~r) remain as variables. Lin-
earising means that only terms proportional to Æn
i
or
ÆN (~r) are kept, i. e. terms proportional to Æn
i
ÆN (~r) are
omitted. (This is justied as long as the uctuations are
suÆciently smaller than the mean values. Actually, this
condition is equivalent to the factorising approximation
used above. The validity can be checked self-consistently
from the computed results.) This way one ends up with
an equation for the uctuations alone, where the coeÆ-



























































For convenience, we will label the sum of the Langevin
operators in Eq. (4a) as f
i
and in Eq. (4b) as g(~r). Evalu-
ating the Langevin operators from Eq. (2) at the average































































IV. DISCRETISATION AND NUMERICAL
SOLUTION
We now discretise the equations in space by picking
points ~r
j


















from Eq. (1) are the so-








































This equation cannot be solved analytically but a numer-
ical solution is straight-forward (even though it may be


























































where it is understood that all indices i run from 1 to
N
p
and all indices j from 1 to N
s
, so that the previous
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5curve reproduces the features of a \traditional" laser.
The precise location of the maximumis somewhat o (see
the discussion of the factorisation approximation above)
but its height reproduces the exact quantum-mechanical
value well. For high values of the pumping, the photon
statistics of the emitted radiation becomes Poissonian, as
explained qualitatively above.
In Fig. 3(b) we have modelled a laser with one mode
coupled to the outside with g = 10
 2
and the other




= 10. (The value
g = 10
 2
was chosen for scaling the axes of the gure.)
The mode with the lowest of g will be the lasing mode,
whereas radiation in the other modes quickly escapes
to the outside so that no signicant number of photons
can accumulate in those modes. This basically models a
single-mode laser where only a fraction  = 1=N
p
of the
spontaneous radiation is emitted into the lasing mode.
( is called the spontaneous emission factor. An ideal
cavity-QED laser has  = 1 whereas a semiconductor
laser can have a  as low as  = 10
 8
.) The behaviour
is similar to Fig. 3(a), except that the peak of the Fano
factor of the lasing mode is larger by about a factor 8.
For small beta, one expects a scaling / 
 1=2
 3 [26]
but  = 1 and  = 0:1 are too large for that scaling to
be exactly valid.
In Fig. 3(c) the system is kept at N
p





. The total radiation depicts the same qual-
itative behaviour as for the two cases presented so far
but the radiation emitted by the lasing mode alone (in
this case: by an arbitrary but xed mode) depicts a com-
pletely dierent picture: The Fano factor diverges as the
pumping is increased. This is easily understood by the
qualitative description given above. For high pumping,
every pump excitation eventually results in one photon
being emitted from the cavity, but if there are several
lasing modes the photon still has the freedom to chose
one of those modes. These additional uctuations can be
that large that they eventually lead to a very large Fano
factor for large pumping. (It is obvious that the Langevin
approach will break down eventually if the uctuations
become too large, as already explained above.)
The three test cases show that the model presented
here is able to explain all relevant features of lasers well.
VII. RANDOM LASER
A random laser is a laser were the feedback is not due
to mirrors at the ends of the laser but due to chaotic
scattering, either caused by scatterers placed at random
positions or by a chaotic shape of the cavity [1, 3]. If the
mean outcoupling is weak a large number of modes in
the cavity can be above threshold simultaneously [25]. As
seen above, mode competition introduces additional noise
into the modes. However, even if there are several modes
above threshold, there only will be mode competition if
the modes are spatially overlapping and thus are \eating"

























FIG. 4: Fano factor of the radiation emitted from the (pri-
mary) lasing mode (left axis, solid line) of some particular
sample. The right axis (dashed line) depicts the number of
modes above lasing threshold. Each additional mode crossing
the threshold increases the Fano factor of the primary lasing
mode.
paper is to answer the question whether in a random
laser there is a relevant level of mode-competitionnoise or
whether the radiation emitted in a laser line approaches
Poissonian statistics for strong pumping.
We consider a chaotic cavity as depicted in Fig. 1 with
a small opening to the outside. This problem becomes
a stochastic problem by considering an ensemble of cavi-
ties with small variations in shape or scatterer positions.
The coeÆcients appearing in Eq. (6) thus become ran-
dom quantities. The statistics of these coeÆcients for a



















where g is the mean value of the outcoupling constant








where d is the size of the opening, V the volume of the
cavity, and  a typical wavelength of the emitted radia-
tion. For simplicity we assume that w  1 so that the






















distributed in the group of unitary matrices.
Fig. 4 shows the computed Fano factor for a partic-
ular sample from this ensemble (N
p
= 10, g = 0:5 but
remember that the value of g of the lasing mode is much
smaller than g [21, 23]). This kind of curve is typical
for all members of the ensemble, while the precise shape
varies. When the rst mode crosses the lasing thresh-


































































FIG. 5: The value of the Fano factor for the primary lasing mode depends on the number N
l
of cavity modes above laser
threshold, not on the other parameters. Unless otherwise noted, computed from  9 10
5
samples with g = 0:1. (a) Probability
distribution of (F   1)=g for g = 0:1; 0:2; : : : ; 0:5. The ve curves overlap almost perfectly, thereby demonstrating that the size
of the opening does not inuence the amount of mode-competition noise generated. (Computed from  10
5
samples for each




=g for the ve runs.) The inset shows the probability distribution from the
large set with g = 0:1 plotted logarithmically. (b) Average of the Fano factor as a function of the outcoupling constant g of
the lasing mode. (c) Average of the Fano factor as a function of N
l
.
there is a global decrease with increasing pumping, addi-
tional peaks are superimposed each time another mode
crosses the lasing threshold. (In the following a mode is
considered to be above lasing threshold if it contains at
least 2 photons but the results are basically independent
of whether one chooses 1, 2 or 10 photons.) The Fano
factor approaches 1 plus some nite dierence. Mode-
competition noise thus gives a contribution to the noise
but there still exists a lasing threshold that is well-dened
by a peak of F .
In the following we will concentrate on the Fano factor
far above threshold. P is chosen such that P=g  10
7
(remember that the value of g of the lasing mode uc-
tuates), being a compromise between a so large value as
possible to make sure that the value limiting value for
P ! 1 is approximated as good as possible, and a not
too large value of P to avoid numerical problems when P
becomes too large (remember that Fig. 4 already spans
11 orders of magnitude).
The main results of a Monte-Carlo simulation with
N
p
= 10 are depicted in Fig. 5. The scaled Fano fac-
tor does not depend on the size of the opening (Fig. 5a),
and only weakly on the outcoupling constant of the las-
ing mode (Fig. 5b). As Fig. 5c clearly shows, the real
dependence is on the number N
l
of modes above thresh-
old. (The weak dependence of the Fano factor on value
of g of the lasing mode can be understood by noting that
N
l
is correlated with g of the lasing mode.) The nite
value of F   1 thus indeed is due to mode competition
noise, as claimed above.
For larger cavities, i. e. cavities with more modes in
it, the distribution of (F   1)=g changes from a peak
near F = 0 to one that peaks at a nite value of (F  





eort to numerically compute the average solution from
Eq. (6) increases very fast, so that only a comparably
small number of realisations were computed ( 20000
for N
p
= 50 and  4000 for N
p
= 150), explaining the






























spend more time on writing a better algorithm to solve
Eq. (6) the speed could denitely be increased by orders
of magnitude.) For larger N
p
the average of (F   1)=g
becomes smaller as the large-F tail gradually disappears.
(FromN
p
= 10 to N
p
= 150 the average becomes smaller
by about a factor 2; the average is diÆcult to compute
since it sensitively depends on few samples with large F .)
VIII. INTERPRETATION OF EXPERIMENTS
Experiments on random lasers are usually explained
by the formation of small \virtual" cavities, which can
\trap" laser light, so that it is scattered within a small
volume many times before it can escape; see Fig. 7. (The
linear dimension of such cavities was measured to be of
the order of 100 wavelengths [4]). The chaotic cavity
used as model in this paper should be understood as rep-
resenting one of those virtual cavities. It is not obvious






, : : : ) are
7FIG. 7: Small \virtual" cavities can be formed by scatterers
in the random medium. Photons can be trapped very eÆ-
ciently (i. e. small outcoupling) if the distances between the
scatterers are compatible with the wavelength of the radia-
tion).
needed to explain the experiments. In the following we
will argue that the important parameters are the average
outcoupling g and, even more importantly, the probabil-
ity distribution P (g
i
) as they determine the number N
l
of lasing modes.





factor only weakly, i. e. only by a factor 2, and thus much
smaller than the dierence observed in the experiments.
Even though it was not explicitly discussed in this paper,
it is obvious that the choice of w(!) and 
i
(~r) will not be
important, either. This leaves g and P (g
i
) as parameters
to explain the experiments.
In this paper, a random laser is modelled by a chaotic
cavity with a small opening. The size of the opening
determines the average outcoupling g, and all g
i
scale
linear with g [see Eq. (12)]. For a virtual cavity the av-
erage outcoupling cannot be computed in such a simple
geometrical way. The outcoupling g
i
for the i-th mode
in such a virtual cavity depends delicately on the posi-
tions of the scatterers and the wavelength of that mode.
While no theory is available to compute g
i
for this case,
it is likely that it will be relatively large as individual
scatterers cannot be as eective as a massive wall with a
small opening.
It was shown in Fig. 5a that F 1 / g. This is valid as
long as the size of the opening is small compared to the
square of the wavelength. If the opening becomes larger,
the modes inside the cavity start to overlap, severely com-
plicating the theory [35], and it is not obvious how the
behaviour changes. Cao [9] speculates that the overlap of
dierent modes prevents the formation of a xed photon
number in one particular mode as photons are exchanged
between modes with similar frequencies all the time. Fur-
thermore, the Petermann factor of the lasing mode be-
comes signicantly large [22] which might or might not
increase the amount of uctuations. While there is no
proof that the amount of uctuations is increased by the
overlap of modes, it seems to be obvious that it will not
decrease. Hence, F 1 will at least increase proportional
to the size of the opening, also for openings that are larger
than the region of validity of the theory presented in this
paper.
This argument assumes that the number N
l
of lasing
modes is the same as for a chaotic cavity with a small
hole. Mode-overlap itself does not change that num-
ber but for a larger opening the distribution function no
longer has the form given by Eq. (12). The form of P (g
i
)
sensitively depends on the kind of outcoupling, and the
number of lasing modes in turn sensitively depends on
P (g
i
). So is there already a big dierence between a cav-
ity with one small hole and a cavity with two somewhat
smaller holes (so that the combined average outcoupling
is the same in both cases) [25]. The dierences in P (g
i
)
and thus in the number of lasing modes are thus the nat-
ural candidates to explain the dierences observed in the
two experiments.
This prediction could in principle be checked exper-
imentally by measuring the number of modes above
threshold in one virtual cavity but to devise an experi-
mental setup to do this seems very diÆcult, if at all pos-
sible. The sample used by the group of Papazoglou [8]
should have several spatially overlapping modes above
lasing threshold (i. e. some modes above threshold are in
the same virtual cavity), whereas in the sample by Cao [9]
all modes above lasing threshold should be spatially sep-
arated (i. e. be in dierent virtual cavities). One expla-
nation could be that Cao's sample is with more resonant
feedback, so that the connement of the lasing modes is
stronger, compared to Papazoglou's sample. In the lat-
ter, the modes would be extended over a much larger part
of the sample (i. e. the virtual cavities are larger), giving
them more possibility to overlap.
IX. CONCLUSIONS
In this paper we have developed a theory to compute
the uctuation properties of the radiation of a random
laser. While for a standard single-mode laser the emit-
ted radiation becomes coherent far above threshold, the
radiation for a random laser is more uctuating by this.
It was found that this extra noise is due to mode compe-
tition noise, i. e. due to the uncertainty of deciding into
which mode to emitted by induced emission. This noise
is the larger the higher the number of modes above lasing
threshold is.
To be able to create mode competition noise, the com-
peting modes have to be at least partially overlapping.
On the other hand, if the proles of the modes are over-
lapping too much, usually only one of the modes will be
above threshold. The amount of noise created thus is the
result of a delicate interplay between these two compet-
ing eects. For a random laser modelled by a chaotic
cavity lled with a laser dye, this leads to a nite in-
crease of the Fano factor far above threshold, with the
precise value depending on the number of modes within
the cavity that are simultaneously above threshold for
that particular realisation of the disorder. In particular,
the emitted radiation becomes coherent if only one mode
is above threshold.
8Recent experiments on random lasers [8, 9] gave con-
icting results on whether the noise is increased with
respect to the Poissonian value. Even though it is not
directly possible to model the dierences in the two ex-
periments, the theory presented in this paper suggests
that this is due to the dierences in the the number of
modes above threshold. This number depends heavily on
the specic system in question, so that the noise proper-
ties of a random laser are not universal but depend on
the (experimental) setup.
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